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Abstract
We investigate the effect of the bulk gravitational field on the cosmological
perturbations on a brane embedded in the 5D Anti-de Sitter (AdS) spacetime.
The effective 4D Einstein equations for the scalar cosmological perturbations on
the brane are obtained by solving the perturbations in the bulk. Then the behaviour
of the corrections induced by the bulk gravitational field to the conventional 4D
Einstein equation are determined. Two types of the corrections are found. First
we investigate the corrections which become significant at scales below the AdS
curvature scales and in the high energy universe with the energy density larger
than the tension of the brane. The evolution equation for the perturbations on
the brane is found and solved. Another type of the corrections is induced on the
brane if we consider the bulk perturbations which do not contribute to the metric
perturbations but do contribute to the matter perturbations. At low energies, they
have imaginary mass m2 = −(2/3)k2 in the bulk where k is the 3D comoving wave
number of the perturbations. They diverge at the horizon of the AdS spacetime.
The induced density perturbations behave as sound waves with sound velocity 1/
√
3
in the low energy universe. At large scales, they are homogeneous perturbations
that depend only on time and decay like radiation. They can be identified as the
perturbations of the dark radiation. They produce isocurvature perturbations in
the matter dominated era. Their effects can be observed as the shifts of the location
and the height of the acoustic peak in the CMB spectrum.
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1 Introduction
Recent developments of the particle physics revive the old idea that we are living in 4D
brane in higher dimensional spacetime [1, 2]. Since Randall and Sundrum proposed fascinating
model for the brane world, many works have been done about the consistency of the model
with observations [3]. In their model, our 3-brane universe is located in the 5D Anti-de Sitter
(AdS) spacetime. The essence of the model is that the spacetime is effectively compactified
with curvature scale l of the AdS spacetime. Thus even the gravity can propagate in the whole
higher dimensional spacetime, the 4D Newtonian gravity is reproduced at the scales larger
than l on the brane.
After their work, the cosmological consequences of the model are actively investigated [4-
15]. The set up of the model is given as follows. The action describing the brane world picture
is given by
S =
1
2κ2
∫
d5x
√−g
(
R5 + 12
l2
)
− σ
∫
d4x
√−gbrane +
∫
d4x
√−gbraneLmatter, (1.1)
where R5 is the 5D Ricci scalar, l is the curvature radius of the AdS spacetime and κ2 = 8piG5
where G5 is the Newton’s constant in the 5D spacetime. The brane has tension σ and the
induced metric on the brane is denoted as gbrane. The tension σ of the brane is taken as
κ2σ = 6/l to ensure that the brane becomes Minkowski spacetime if there is no matter on
the brane. Matter is confined to the 4D brane world and is described by the Lagrangian
Lmatter. We will assume Z2 symmetry across the brane. It has been shown that the spatially
homogeneous and isotropic universe can also be embedded in this model. In order to study
further consistency of the model with the observations, it is needed to study the behaviour
of the cosmological perturbations [16-18]. The cosmological perturbations in the brane world
provide useful tests for the brane world idea. This is because the perturbations in the brane
world interact with the bulk gravitational field, which is the inherent nature of perturbations in
the brane world. Several formalisms and applications have been developed [19-29]. Especially,
we showed that the evolution of the perturbations is the same as the one obtained in the
conventional 4D theory at low energies when the Hubble horizon of the brane universe is
larger than l. We also pointed out that at high energies, the evolution of the perturbations
changes significantly [19].
The purpose of this paper is to make further clarification about the difference between the
behaviour of the perturbations in the brane world model and the one in the conventional 4D
model. For this purpose, it is desirable to obtain the effective 4D Einstein equations on the
brane. There are several works which investigate the effective 4D Einstein equations using the
covariant method [30,31]. The effective 4D Einstein equations are obtained as
Gµν + Eµν = κ
2
l
Tµν + κ
4Πµν , (1.2)
2
where
Πµν = −1
4
TµαT
α
ν +
1
12
T αα Tµν +
1
24
(3TαβT
αβ − (T αα )2)gµν , (1.3)
and Eµν is the projected 5D Weyl tensor. In [29], the large scale cosmological perturbations
are analyzed with (1.2). They study the evolution of perturbations using equations solely on
the brane and without solving the perturbations in the bulk. Although significant results are
obtained, their approach is clearly limited because the behaviour of Eµν cannot be determined
without solving the bulk perturbations. In the previous paper [19], we have developed a method
to solve the perturbations in the bulk. In this paper, using the method, we obtain the effective
Einstein equation for the scalar cosmological perturbations by solving the perturbations in the
bulk (4.6) and (4.7). Then we can determine the behaviour of the corrections induced by the
bulk gravitational field to the conventional 4D Einstein equations . This is an essential part
of the work predicting the CMB anisotropies in the brane world.
We will obtain the effective Einstein equations in two ways. First we derive the effective
Einstein equations from the equations solely on the brane as in [29]. We observe the limitations
of this method. Then we construct the effective Einstein equations again by solving the bulk
perturbations. The evolution of the perturbations on the brane is investigated using the
effective Einstein equations. We concentrate our attention on the scalar perturbations on a
brane in the AdS spacetime. A new type of corrections arises if we choose appropriate boundary
conditions on the perturbations in the bulk so that the perturbations do not contribute to the
metric perturbations but do contribute to the matter perturbations. They induce the density
perturbations on the brane which behave as sound waves with sound velocity 1/
√
3 in the low
energy universe. At large scales, they are homogeneous perturbations that depend only on
time and decay like radiation. We will discuss the effects of these perturbations on the CMB
spectrum.
The structure of the paper is as follows. In section 2, we construct the effective Einstein
equation for the background spacetime in two ways as an example. In section 3, the effective
Einstein equations for perturbations are constructed from the equations on the brane. Two
types of the corrections to the conventional 4D Einstein equations are found. We see a complete
set of the effective 4D Einstein equations cannot be derived from equations solely on the brane.
In section 4, the effective Einstein equations are obtained again by solving the perturbations in
the bulk and imposing the junction conditions. A complete set of the equations is obtained. We
find again two types of the corrections, but now they are obtained according to the boundary
conditions of the perturbations in the bulk. In section 5, we take the boundary condition that
the perturbations do not diverge at the horizon of the AdS spacetime. And we investigate the
modifications of the evolution. In section 6, we allow the existence of the perturbations which
do not contribute to the metric perturbations but do contribute to the matter perturbations.
The modifications of the evolution caused by these perturbations are studied. In section 7,
we summarize the results. In Appendix A, the equations used in section 2 are derived. In
Appendix B, we review the formalism to solve the perturbations in the bulk and impose the
3
junction conditions. Then the effective Einstein equations are obtained. In Appendix C, the
generation of the primordial fluctuations is discussed. The Mukhanov equation for the inflaton
confined to the brane is obtained.
2 Background spacetime
It would be instructive to consider the background spacetime as an example for constructing
the effective Einstein equations. We take the background metric as
ds2 = e2β(y,t)(dy2 − dt2) + e2α(y,t)δijdxidxj. (2.1)
We will denote the power series expansion near the brane as
α(y, t) = α0(t) + α1(t)|y|+ α2(t)
2
y2 + · · ·. (2.2)
The tension σ of the brane is taken as κ2σ = 6/l and the 5D energy momentum tensor of the
matter confined to the brane is taken as
TMN = diag(0,−ρ, p, p, p)δ(y). (2.3)
The calculations which are necessary to obtain the equations used in the following discussions
are performed in Appendix A.
The first method is to use the power series expansion of the 5D Einstein equation. From
the junction conditions, the first derivatives of the metric perturbations with respect to y are
written by the matter perturbations on the brane. Then we can obtain the equations about
the variables on the brane from the 5D Einstein equations that do not contain the second
derivatives of the metric perturbations with respect to y. From these equations on the brane,
we can construct the effective Einstein equations on the brane. The junction conditions are
given by
α1(t) = −1
l
− κ
2ρ(t)
6
,
β1(t) = −1
l
+
κ2ρ(t)
3
+
κ2p(t)
2
, (2.4)
where we take eβ0(t) = 1. The equations for α0 and ρ can be obtained from the power series
expansion of the 5D Einstein equation near the brane. The y0-th order of the (y, 0) and (y, y)
components are given by
α¨0 + 2α˙
2
0 =
κ2
2l
(
ρ
3
− p
)
− κ
4ρ(ρ+ 3p)
36
,
ρ˙+ 3α˙0(ρ+ p) = 0. (2.5)
4
At low energies ρ/σ ∼ κ−2lρ≪ 1, the former is identical with the trace part of the conventional
4D Einstein equations with
8piG4 = κ
2/l, (2.6)
where G4 is the Newton’s constant in the 4D spacetime. The latter is the usual energy-
momentum conservation of the matter. The integration of the first equation gives the effective
Friedmann equation;
α˙20 =
κ2
3l
ρ+
κ4ρ2
36
+ e−4α0C0, (2.7)
where C0 is the constant of the integration. This is the (t, t) component of the effective Einstein
equations. In the 4D Einstein theory, (t, t) component of the Einstein equations gives
α˙20 =
8piG4
3
ρ. (2.8)
Thus the constant of the integration C0 should have been 0 in order to match to the 4D Einstein
theory at low energies. However the non-zero C0 is not forbidden in the brane world. Indeed,
it is known that C0 is related to the mass of the 5D AdS-Schwartzshild Black Hole. Thus the
non-zero C0 indicates the effect of the bulk. The lesson is that even if we have a complete
set of the equations for α0 and ρ (2.5) which are identical with those in the conventional
4D theory at low energies, the correction to the Friedmann equation can exist. Because the
term proportional to C0 in (2.7) behaves like radiation, it is often called dark radiation. The
important point is that we cannot determine C0 from the equations on the brane (2.5). We
need a different method to determine the correction which describes the effect of the bulk.
Another way is to solve the 5D Einstein equation in the bulk. We should impose the
boundary conditions (2.4) on the brane. The equations for β and α in the bulk are given by
− β¨ + β ′′ − 1
l2
e2β = 0,
−α¨ + α′′ − 1
l2
e2β = 0, (2.9)
where we assumed the bulk is purely AdS spacetime without Schwartzshild mass (cf. Appendix
A). We can obtain the solution
e2β(y,t) = 4
f ′(u)g′(v)
(f(u)− g(v))2 , e
2α(y,t) =
1
(f(u)− g(v))2 , (2.10)
where u = (t − y)/l, v = (t + y)/l and f(u) and g(v) are the arbitrary functions. Thus the
matter on the brane is written by f and g from the junction conditions (2.4) as
α1 =
1
l
(
f(t/l)′ + g(t/l)′
f(t/l)− g(t/l)
)
= −1
l
− κ
2ρ
6
. (2.11)
In usual, we find the solutions of f and g from the junction condition (2.11). However, it is
difficult to find the solutions for perturbations in this way. Thus we propose a new way to
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find the solutions, namely transforming the junction condition (2.11) to the effective Einstein
equation. From (2.10), we obtain
α˙0 = −1
l
(
f(t/l)′ − g(t/l)′
f(t/l)− g(t/l)
)
,
e2β0 = 4
f(t/l)′g(t/l)′
(f(t/l)− g(t/l))2 = 1. (2.12)
Then the term written by f and g in (2.11) can be written by the metric α0. We find α
2
1 =
α˙20 + 1/l
2. Thus the junction condition (2.11) gives the effective Friedmann equation on the
brane
α˙0
2 =
κ2
3l
ρ+
κ4ρ2
36
. (2.13)
Comparing this with (2.7), we can determine C0 = 0 for AdS background. We will consider
the perturbations in this background.
3 Effective Einstein equations from equations on the
brane
In this section we will derive the effective Einstein equations for scalar cosmological per-
turbations using the equations on the brane. The perturbed 5D energy-momentum tensor is
taken as
δTMN =


0 0 0
0 −δρ −(ρ+ p)eα0v,i
0 (ρ+ p)e−α0v,i δp δij

 δ(y), (3.1)
where we assume the isotropic stress of the matter perturbations vanishes. The perturbed
metric on the brane is taken as
dsbrane = −(1 + 2Φ0)dt2 + e2α0(t)(1− 2Ψ0)δijdxidxj . (3.2)
The equations on the brane are obtained from (y, y), (y, 0) and (y, i) components of the 5D
Einstein equations as [19]
Ψ¨0 + 4α˙0Ψ˙0 + α˙0Φ˙0 + 2(α¨0 + 2α˙
2
0)Φ0 −
1
3
e−2α0(2∇2Ψ0 −∇2Φ0)
=
κ2
3
(
β1
2
δρ− 3α1
2
δp
)
, (3.3)
δ˙ρ = (ρ+ p)(3Ψ˙0 + e
−α0∇2v)− 3α˙0 (δρ+ δp) , (3.4)
((ρ+ p)eα0v)· = −3α˙0(ρ+ p)eα0v + δp+ (ρ+ p)Φ0. (3.5)
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As in the background, (3.3) is the same as the trace of the conventional 4D Einstein equations
at low energies and (3.4) and (3.5) are the usual energy-momentum conservation for the matter
perturbations. From these equations, we construct the effective 4D Einstein equations. The
Einstein equation gives a relation between the matter perturbations and the metric pertur-
bations. Thus we try to write the matter perturbations in terms of the metric perturbations
from (3.3), (3.4), and (3.5). The equations can be regarded as the differential equations for δρ,
δp and v with the source given by Φ0 and Ψ0. Then the solutions for δρ, δp and v are given
by special solutions written by Φ0 and Ψ0 and homogeneous solutions which are independent
of Φ0 and Ψ0. The homogeneous solutions satisfy
δ˙ρ = (ρ+ p)e−α0∇2v − 3α˙0 (δρ+ δp) ,
δp =
1
3
(
1 +
α¨0
α21
)
δρ,
((ρ+ p)eα0v)· = −3α˙0(ρ+ p)eα0v + δp, (3.6)
where we used the background equations (A.12). From these equations, we can construct the
second order differential equation for δρ. Putting
δρ = − 1
α1l
e−4α0χ, (3.7)
we obtain the equation for χ as
χ¨+ α˙0
(
1− α¨0
α21
)
χ˙− 1
3
(
1 +
α¨0
α21
)
e−2α0∇2χ = 0. (3.8)
The special solutions can be obtained perturbatively assuming |e−2α0∇2Ψ/Ψ¨0| ≪ 1. The
solutions up to the order ∇4Ψ0 including the homogeneous solutions written by χ are given by
− κ
2α1
2
δρ = −3(α˙0Ψ˙0 + α˙20Φ0) + e−2α0∇2Ψ0 −
κ2α1
2
δρ(4) +
κ2
2l
δρχ,
−κ
2α1
2
δp = Ψ¨0 +
(
3α˙0 − α˙0α¨0
α21
)
Ψ˙0 + α˙0Φ˙0 +
(
2α¨0 − α˙
2
0α¨0
α21
+ 3α˙20
)
Φ0
+
1
3
e−2α0∇2Φ0 − 1
3
(
1− α¨0
α21
)
e−2α0∇2Ψ0 − κ
2α1
2
δp(4) +
κ2
2l
δpχ,
−κ
2α1
2
(ρ+ p)eα0v = Ψ˙0 + α˙0Φ0 +
1
3
α1e
−3α0
∫
dt′eα0α−11
(
∇2Φ0 −
(
1− α¨0
α21
)
∇2Ψ0
)
− κ
2α1
2
(ρ+ p)eα0v(4) +
κ2
2l
(ρ+ p)eα0vχ, (3.9)
where δρ(4), δp(4) and v(4) satisfy
δ˙ρ
(4) − 3α˙0(δρ(4) + δp(4)) = − 2
3κ2
e−5α0
∫
dt′eα0α−11
(
∇4Φ0 −
(
1− α¨0
α21
)
∇4Ψ0
)
,
δp(4) =
1
3
(
1 +
α¨0
α21
)
δρ(4),
(
(ρ+ p)eα0v(4)
)
·
= −3α˙0(ρ+ p)eα0v(4) + δp(4), (3.10)
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and δρχ, δpχ and vχ are given by
δρχ = e
−4α0χ(t, xi),
δpχ =
1
3
(
1 +
α¨0
α21
)
e−4α0χ(t, xi),
(ρ+ p)eα0∇2vχ = e−2α0χ˙(t, xi), (3.11)
where χ satisfies (3.8).
(3.9), (3.10) and (3.11) are the effective 4D Einstein equations in the brane world. The
crucial difference from the background case is that we cannot have a complete set of the
equations. We do not have the equation which corresponds to the (i 6= j) component of the
conventional 4D Einstein equations Φ0 = Ψ0. To clarify the deviation from the conventional
4D theory, we consider the perturbations at low energies with ρ/σ ≪ 1, then take
α21 ≫ α˙20, α¨0. (3.12)
If we take Φ0 = Ψ0, we have a complete set of the equations with (3.3), (3.4) and (3.5)
which are identical with those obtained in the conventional 4D theory. The interesting point
is that even if we take Ψ0 = Φ0, the corrections to the matter perturbations can exist. Taking
Ψ0 = Φ0, we find δρ
(4), δρ(4) and v(4) and the higher order solutions satisfy the homogeneous
equations (3.6) which do not include Ψ0 and Φ0. Thus they can be absorbed into δρχ, δpχ and
vχ. Then (3.9) becomes the same as the conventional 4D Einstein equation except for δρχ, δpχ
and vχ. Thus, even though we have a complete set of equations for metric perturbations and
matter perturbations which are identical with those obtained in the conventional 4D theory,
the corrections to the 4D effective Einstein equation can exist. We have already learned the
similar situations in the background spacetime where the non-zero constant of the integration
C0 gives the correction to Friedmann equation. For the perturbations, χ plays the same role
as C0. At low energies, the equation for χ (3.8) becomes
χ′′ − 1
3
∇2χ = 0, (3.13)
where ′ denotes the derivative with respect to the conformal time η. At large scales and at low
energies, δρχ is given by
δρχ = Ce
−4α0 , (3.14)
where χ = C = const. Thus δρχ can be regarded as the perturbations of the energy density of
the dark radiation. At small scales they behave as sound waves with sound velocity 1/
√
3.
In general, the bulk gravitational field makes Ψ0 6= Φ0 then the corrections arise which come
from the special solutions written by Φ0 and Ψ0. Hence we find two types of the corrections
to the matter perturbations. One type of the corrections is given by the gradient of the
metric perturbations. At large scales, these corrections are suppressed. These corrections are
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induced by the bulk perturbations. The inhomogeneous matter perturbations on the brane
inevitably produce the perturbations in the geometry of the bulk. The perturbations in the bulk
affect the brane in turn. Then the matter perturbations receive the corrections from the bulk
perturbations. Another type of the corrections, χ, is independent of the metric perturbations.
At large scales they behave as the dark radiation. The corrections from χ are also induced by
the bulk gravitational field, as the dark radiation is induced by the Schwartzshild Black Hole
in the bulk in the background spacetime.
Now we face the limitation of the method using the equations solely on the brane. We
cannot determine the corrections from the bulk perturbations, that is the relation between Φ0
and Ψ0. The existence of the correction given by χ cannot also be determined, as the constant
of the integration C0 in the background cannot be determined in this approach. They should be
determined in terms of the bulk gravitational field. So far we treated only the equations which
do not involve the second derivative with respect to y. As we showed for the background case,
the evolution equation for the perturbations in the bulk should be solved in order to obtain
the behaviour of the corrections to the matter perturbations and the relation between Φ0 and
Ψ0.
4 Effective Einstein equations from bulk gravitational
field
In this section, we solve the perturbations in the bulk and obtain the behaviour of the
corrections to the matter perturbations and the relation between Ψ0 and Φ0. The formalism
to solve the perturbations in the bulk has been developed in [19]. In this section, we only show
the results of the calculations. The detailed calculations are given in the Appendix B. In the
bulk, the perturbations satisfy the wave equation
h′′ + 3α′h′ − h¨− 3α˙h˙+ e−2(α−β)∇2h = 0, (4.1)
where h is the scalar perturbations in the bulk and we used the transverse-traceless gauge. It
is in general difficult to solve the equation. The essence of our method is to use the coordinate
transformation from the Poincare coordinate to the Gaussian normal coordinate. The metric
((2.1), (2.10)) is obtained by the coordinate transformation from the Poincare coordinate of
the 5D AdS spacetime
ds2 =
(
l
z
)2
(dz2 − dτ 2 + δijdxidxj). (4.2)
In this coordinate, the perturbations can be easily solved. Then the perturbations in the metric
(2.1) can be obtained by performing the coordinate transformation;
z = z(y, t) = l(f(u)− g(v)) = le−α(y,t),
τ = τ(y, t) = l(f(u) + g(v)). (4.3)
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The solution of the perturbations h can be written as
h = e−2α(y,t)
∫
d3k
(2pi)3
∫
dm E(m,k)Z2(mle
−α(y,t))e−iωτ(t,y)eikx, (4.4)
where Z2 is defined as the combination of the Hankel function of the first kind and the second
kind;
Z2(mz) = H
(1)
2 (mz) + a(m)H
(2)
2 (mz), (4.5)
and ω2 = m2 + k2. So far E(m,k) and a(m) are arbitrary coefficients. We should impose the
junction conditions on the perturbations (4.4) on the brane. As we showed for the background
case, the junction conditions are nothing but the effective 4D Einstein equations. In the
previous paper [19], we gave the matter perturbations in terms of E(m,k) using the junction
conditions. We also gave the metric perturbations in terms of E(m,k). Then we have the
equations which correspond to (2.11) and (2.12) in the background. The effective Einstein
equations can be obtained by combining these equations as is done in (2.13) in the background
spacetime. The details can be found in Appendix B-2 and the results are given by
− κ
2α1
2
δρ(k) = −3(α˙0Ψ˙0 + α˙20Φ0)− e−2α0k2Ψ0
+
1
3
e−4α0
∫
dmE(m,k)k4l2Z0(mle
−α0)e−iωT (t),
−κ
2α1
2
δp(k) = Ψ¨0 +
(
3α˙0 − α˙0α¨0
α21
)
Ψ˙0 + α˙0Φ˙0 +
(
2α¨0 − α˙
2
0α¨0
α21
+ 3α˙20
)
Φ0
− 1
3
e−2α0k2Φ0 +
1
3
(
1− α¨0
α21
)
e−2α0k2Ψ0
+
1
9
(
1 +
α¨0
α21
)
e−4α0
∫
dmE(m,k)k4l2Z0(mle
−α0)e−iωT (t),
−κ
2α1
2
(ρ+ p)eα0v(k) = Ψ˙0 + α˙0Φ0
+
1
3
e−3α0
∫
dmE(m,k)
×
(
α1iωk
2l3Z0(mle
−α0)− α˙0mk2l3Z1(mle−α0)
)
e−iωT (t), (4.6)
where we consider the Fourier components of the perturbations with respect to xi and denote
τ(0, t) = T (t). We can also obtain the metric perturbations in terms of E(m,k) as
Ψ0(k) =
∫
dmE(m,k)
(
mle−α0Z1(mle
−α0) +
1
3
(kle−α0)2Z0(mle
−α0)
)
e−iωT (t),
Φ0(k) =
∫
dmE(m,k)
(
mle−α0Z1(mle
−α0)− 1
3
(k2 + 3m2)l2e−2α0Z0(mle
−α0)
)
e−iωT (t)
+ (α˙0l)
2
∫
dmE(m,k)
(
mle−α0Z1(mle
−α0)− (k2 + 2m2)l2e−2α0Z0(mle−α0)
)
e−iωT (t)
− 2α1α˙0l2
∫
dmE(m,k)(iωml2e−2α0)Z1(mle
−α0)e−iωT (t). (4.7)
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Eqs.(4.6) should be compared with (3.9), (3.10) and (3.11). First let us identify the cor-
rections δρχ, δpχ and vχ (3.11). Using the freedom of the choice E(m,k) and a(m), we can
make the perturbations which do not contribute to the metric perturbations but do contribute
to the matter perturbations. In the low energy universe, we can construct these perturbations
explicitly. At low energies α˙0l ≪ 1, if we choose E(m,k) to have a peak at
2k2 + 3m2 = 0, (4.8)
then the metric perturbations can be written as
Ψ0 = Φ0 =
1
2
E(χ)(k)(mkle
−α0)2Z2(mkle
−α0)e
1√
3
ikη
, (4.9)
where we used T = −η at low energies where η is the conformal time (see Appendix B (B.7))
and Z2(z) = (2/z)Z1(z)− Z0(z). We denoted mk =
√
2/3ki and
E(χ)(k) = E(mk,k). (4.10)
At low energies, we can neglect the time dependence in mkle
−α0 since
d
dt
(mkle
−α0)
d
dt
(eiωη)
∼ α˙0l ≪ 1, (4.11)
where we used dη/dt = e−α0 . In order to ensure that these perturbations do not contribute to
the metric perturbations Φ0 = Ψ0 = 0, we take a(m) = a
(χ)(m) where
a(χ)(m) = −H
(1)
2 (mkle
−α0)
H
(2)
2 (mkle
−α0)
. (4.12)
The important point is that these perturbations do contribute to the matter perturbations.
The density perturbations δρ induced by these perturbations are given by
κ2
2l
δρ =
1
3
e−4α0k4l2E(χ)(k)Z
(χ)
0 (mkle
−α0)e
1√
3
ikη
, (4.13)
where Z
(χ)
0 = H
(1)
0 +a
(χ)(m)H
(2)
0 . Because these perturbations do not contribute to the metric
perturbations, they should be identified as δρχ. Indeed from (3.7) and (3.13), δρχ is given by
δρχ = e
−4α0χ, χ′′ +
1
3
k
2χ = 0. (4.14)
If we neglect the time dependence inmkle
−α0 , (4.13) satisfies (4.14). Thus we find the existence
of δρχ depends on the behaviour of the bulk perturbations. At low energies, they should have
imaginary massmk =
√
2/3ki and diverge at the horizon of the AdS spacetime (z = le−α(y,t) →
∞) because Z(χ)2 (mkz) contains H(2)2 (mkz) which is proportional to exp(
√
2/3kz) for z →∞.
Thus if we restrict our attention to the bulk perturbations with real mass or with regular
behaviour in the bulk, the corrections from χ do not exist on the brane.
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Therefore the existence of the corrections from χ depends on the boundary condition of
the perturbations (4.4). The general solutions for perturbations in the bulk can be written as
h(k) = e−2α(y,t)
∫
dm
(
E(1)(m,k)Z(1)(mle−α(y,t)) + E(2)(m,k)Z(2)(mle−α(y,t))
)
e−iωτ(y,t),
(4.15)
where Z(1) and Z(2) are two independent combinations of the Hankel function of the first
kind and the second kind. E(1)(m,k) and E(2)(m,k) are the arbitrary coefficients that should
be determined by the boundary conditions. One of the choices is the boundary condition
that allows the existence of the corrections δρχ. We choose E
(2)(m,k) and Z(2) so that the
perturbations contribute to the matter perturbations and do not contribute to the metric
perturbations. For example, at low energies, we can take
Z(1)(mle−α) = H(1)(mle−α),
Z(2)(mle−α) = Z(χ)(mkle
−α),
E(2)(m,k) = E(χ)(k). (4.16)
Then the metric perturbations and the density perturbation induced by these perturbations
are given by
κ2
2l
δρ = −3(α˙0Ψ˙0 + α˙20Φ0)− e−2α0k2Ψ0
+
1
3
e−4α0
∫
dmE(1)(m,k)k4l2H
(1)
0 (mle
−α0)eiωη +
κ2
2l
δρχ,
Ψ0(k) =
∫
dmE(1)(m,k)
(
mle−α0H
(1)
1 (mle
−α0) +
1
3
(kle−α0)2H
(1)
0 (mle
−α0)
)
eiωη,(4.17)
where
δρχ = e
−4α0χ,
χ =
2l
3κ2
(k4l2E(χ)(k))Z
(χ)
0 (mkle
−α0)e
1√
3
ikη
. (4.18)
Another choice is the boundary condition that the perturbations are out-going at the horizon
of the AdS spacetime [19],[28],[33]. Then we should take
Z(1)(mle−α) = H(1)(mle−α),
E(2)(m,k) = 0. (4.19)
Note that for imaginary m = imI , mI > 0, this condition implies that the perturbations do
not diverge at the horizon of the AdS spacetime because H(1)(imIz) ∝ exp(−mIz) at z →∞.
Hence if we take the boundary condition that the perturbations are out-going, the corrections
given by χ are not allowed;
δρχ = δpχ = vχ = 0. (4.20)
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The matter perturbations and the metric perturbations are given by (4.6) and (4.7) with
E(m,k) = E(1)(m,k) and Z(mle−α0) = H(1)(mle−α0).
It seems difficult to determine what kind of the perturbations are allowed in the bulk.
We will discuss the effects of the corrections from χ separately according to the choice of the
boundary condition in section 5. For a while we take the boundary condition (4.19) and take
δρχ = δpχ = vχ = 0. The terms written in terms of E
(1)(m,k) in the matter perturbations (4.6)
correspond to the corrections written by the gradient of the metric perturbations in (3.9) and
(3.10). In fact, if we take k → 0, the terms written in E(1)(m,k) in the matter perturbations
vanish. Now from (4.6) and (4.7), we manifestly observe that the bulk perturbations alter the
relation Ψ0 = Φ0 and induce the corrections to the matter perturbations. In (4.15), E
(1)(m,k)
is still the arbitrary coefficient. E(1)(m,k) is determined once we impose the equation of state
of the matter perturbations such as δp = c2sδρ where c
2
s is the sound velocity. It is rather
difficult to solve the equations for E(1)(m,k). In the following section, we try to obtain the
evolution of the perturbations without solving E(1)(m,k). The price to pay is that we should
take an assumption about the contribution from the massive modes as in [19].
From the effective Einstein equations (4.6) and (4.7), we find there are two situations in
which the deviation from the conventional 4D theory becomes large. One is given by
kle−α0 ≫ 1, (4.21)
that means the physical scale of the perturbations is smaller than the curvature scale l. It is
reasonable since l is the effective scale of the compactification, thus at the scales smaller than
l, the gravity behaves as the 5D one. Another is given by
α˙0l ≫ 1, (4.22)
that means the energy density of the matter exceeds the tension of the brane. In the Fried-
mann equation (2.13), the term proportional to ρ2 becomes dominant and the evolution of the
universe changes significantly.
5 Modifications of the evolution
In this section, we take the boundary condition that the perturbations are out-going at the
horizon of the AdS spacetime (4.19). Then
δρχ = δpχ = vχ = 0. (5.1)
In the following sections, we assume the matter perturbations are adiabatic.
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5.1 Evolution at super-horizon scales
Let us consider the long-wave length perturbations. We take
kle−α0 → 0, (5.2)
then the corrections to the matter perturbations in (4.6) written by E(1)(m,k) vanish. The
evolution equation for the metric perturbations is given from (4.6) by imposing δp− c2sδρ = 0.
The equation can be simplified using the Bardeen parameter
ζ = Ψ0 − α˙
2
0
α¨0
(
1
α˙0
Ψ˙0 + Φ0
)
. (5.3)
At the super-horizon scales kα˙−10 e
−α0 ≪ 1, δp− c2sδρ = 0 can be written as
ζ˙ = 0, (5.4)
where we used
w˙ = −3α˙0(1 + w)(1− c2s). (5.5)
Then the Bardeen parameter is conserved even at high energies
ζ = ζ∗ = const. (5.6)
We should note that the constancy of the Bardeen parameter does not mean that the behaviour
of the perturbations in the brane world is the same as the one obtained in 4D theory. The
Bardeen parameter is written by Φ0 and Ψ0. In the 4D theory we have the equation Φ0 = Ψ0.
However in the brane world it is modified by the perturbations in the bulk. The equation that
gives the relation between Ψ0 and Φ0 is needed. From (4.7), the metric perturbations are given
by
Ψ0 =
∫
dmE(1)(m)mle−α0H
(1)
1 (mle
−α0)e−imT ,
Φ0 = (1 + (α˙0l)
2)Ψ0 − (1 + 2(α˙0l)2)
∫
dmE(1)(m)(mle−α0)2H
(1)
0 (mle
−α0)e−imT
− 2iα1α˙0l2
∫
dmE(1)(m)(mle−α0)2H
(1)
1 (mle
−α0)e−imT . (5.7)
As mentioned in the previous section, we should make some assumption about the contribution
from massive modes. We will assume that the modes with mle−α0 > 1 do not contribute to
the perturbations in the bulk thus take
mle−α0 → 0. (5.8)
Then using the asymptotic form of the Hankel function H
(1)
1 (z) ∝ 1/z and H(1)0 (z) ∝ const.,
we obtain
Φ0 = (1 + (α˙0l)
2)Ψ0. (5.9)
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At high energies, we have
Φ0 = (α˙0l)
2Ψ0, (5.10)
then Φ0 ≫ Ψ0. From the conservation of the Bardeen parameter (5.3) and (5.6), we get
Φ0 = 3(1 + w)ζ∗, Ψ0 = (α˙0l)
−2Φ0,
δρ
ρ
= −Φ0, (5.11)
for w = const. Note that the curvature perturbation increases as Ψ0 ∝ ρ−2 at high energies.
At low energies α˙0l ≪ 1, we have
Ψ0 = Φ0. (5.12)
Then the metric perturbations are obtained as
Φ0 = Ψ0 =
3(1 + w)
5 + 3w
ζ∗,
δρ
ρ
= −2Φ0, (5.13)
for w = const.
The CMB anisotropies at large scales can be obtained using the above solutions. At the
decoupling of the photon and baryon, the energy of the universe is lower than the tension of
the brane α˙0l ≪ 1. The temperature anisotropies caused by the ordinary Sachs-Wolfe effect
are given by
∆T
T
=
1
4
δρr
ρr
+ Φ0 =
1
3
δρ
ρ
+ Φ0, (5.14)
where ρr is the density of the radiation and δρr is its perturbation. From (4.6) and (5.3), we
can show the Bardeen parameter is given by
ζ = Ψ0 − 1
3
δρ
ρ
. (5.15)
Then the temperature anisotropies can be evaluated as
∆T
T
= −ζ +Ψ0 + Φ0. (5.16)
If we neglect the effect of the massive graviton with mle−α0 > 1, we can evaluate the temper-
ature anisotropies as
∆T
T
=
1
5
ζ∗, (5.17)
where we used the solution (5.13) with w = 0.
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The massive graviton will modify the relation Φ0 and Ψ0 so the temperature anisotropies.
At low energies, the metric perturbations are given by
Ψ0 =
∫
dmE(1)(m)mle−α0H
(1)
1 (mle
−α0)eimη,
Φ0 = Ψ0 −
∫
dmE(1)(m)(mle−α0)2H
(1)
0 (mle
−α0)eimη. (5.18)
Then at the lowest order corrections in mle−α0 we have
Φ0 = Ψ0 −
∫
dmΨ0(m)(mle
−α0)2GKK(mle
−α0)eimη, (5.19)
where Ψ0(m) denotes the Fourier transformation of Ψ0(η) with respect to η and
GKK(mle
−α0) = lim
mle−α0→0

 H(1)0 (mle−α0)
mle−α0H
(1)
1 (mle
−α0)


= ln(2eα0)− γ + pi
2
i− ln(ml), (5.20)
where γ is the Euler number. The important point is that GKK contains non analytic term
proportional to lnm. Then (5.19) becomes non-local when we make Fourier transformation to
the real spacetime. The reason can be understood as follows. The massive modes with m 6= 0
can propagate into the bulk. These modes affect the metric perturbations non-locally if they
are observed on the brane. Then the non-locality of the evolution equation is the essential
feature of the brane world [20].
The contributions from the massive modes are determined by E(1)(m) which is determined
by the primordial fluctuations and later evolutions. It is difficult to know E(1)(m), but it
should be noted that in (5.19), m appears in the form mle−α0 . Thus as the energy of the
universe become lower e−α0 → 0, the mass of the massive modes that can modify the relation
Φ0 = Ψ0 becomes larger. Then for late times, we can safely use the standard result (5.17). The
constant ζ∗ should be determined by the primordial fluctuations. We discuss the generation of
the primordial fluctuations in the Appendix C.
Here is the point we should emphasize. At high energies, the Hubble scale itself is smaller
than the curvature scale of the AdS spacetime. Then we should be careful in using the result
kle−α0 → 0 even at the super-horizon scales in the high energy universe.
5.2 Evolution at sub-horizon scales
In this section we investigate the corrections which arise for
kle−α0 6= 0. (5.21)
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We will assume the universe is in the low energy era α˙0l ≪ 1 and take
mle−α0 → 0. (5.22)
At the sub-horizon scales kα˙−10 e
−α0 ≫ 1, the density perturbation (4.6) is given by
κ2
2l
e2α0δρ = −k2Ψ0 + 1
3
e−2α0
∫
dmE(1)(m,k)k4l2H
(1)
0 (mle
−α0)eiωη
= −
∫
dmE(1)(m,k)k2mle−α0H
(1)
1 (mle
−α
0 )e
iωη. (5.23)
On the other hand the metric perturbations (4.7) are given by
k
2Φ0 =
∫
dmE(1)(m,k)k2
(
mle−α0H
(1)
1 (mle
−α0)− 1
3
(k2 + 3m2)l2e−2α0H
(1)
0 (mle
−α0)
)
eiωη.
(5.24)
For mle−α0 ≪ 1 we can rewrite (5.24) into the effective Poisson equation;
k
2Φ0 = −κ
2
2l
e2α0δρ+
κ2l
6
e−2α0
∫
dm(k2 + 3m2)GKK(mle
−α0)
[
e2α0δρ
]
(m,k), (5.25)
where GKK is given by (5.20) and [e
2α0δρ](m,k) denotes the Fourier transformation of e2α0δρ
with respect to η and xi. For kle−α0 → 0, (5.25) is the usual Poisson equation. The evolution
equation for δρ can be derived from the conservations law of the matter perturbations (3.4)
and (3.5). For example, in the matter dominated era w = 0, we get
∆′′ + α′0∆
′ − 3
2
α′20 ∆
+
κ2l
6
e−2α0
∫
dm(k2 + 3m2)GKK(mle
−α0)
[
e2α0δρ
]
(m,k)e−iωη = 0, (5.26)
where ′ denotes the derivative with respect to η and ∆ = δρ/ρ. The last term represents the
correction from the bulk perturbations. Note that for kle−α0 6= 0, the non-local term arises
even if we take mle−α0 → 0. This is because the graviton can easily propagate into the bulk at
the scales smaller than l (kle−α0 > 1). Thus the bulk gravitational field affects the evolution
of the density perturbation non-locally.
It is well known that in Minkowski spacetime, the Newton’s low is modified due to the 5D
graviton [3,31-33] This modification should be derived from the effective Poisson equation. Let
us consider the situation where eα0 = 1. We assume that the source is static ω2 = m2+k2 = 0
and derive the lowest order corrections in (kl)2 < 1. Taking the non-analytic term in m, the
metric perturbations are written as
Ψ0(k) = −κ
2
2l
(
k
−2 − 1
3
l2 ln(ml)
)
δρ(k),
Φ0(k) = −κ
2
2l
(
k
−2 − 2
3
l2 ln(ml)
)
δρ(k). (5.27)
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To compare the result with the one obtained in [31-33], we consider the spherically symmetric
source and derive the metric perturbations far away from the source. We obtain the metric
perturbations by the Fourier transformation as
Ψ0(r) = −G4M
r
(
1 +
l2
3r2
)
,
Φ0(r) = −G4M
r
(
1 +
2l2
3r2
)
, (5.28)
where 8piG4 = κ
2/l, M =
∫
dx3δρ(x) and the source is located at r = 0. The result completely
agrees with the one obtained in [31-33].
6 Corrections from δρχ, δpχ and vχ
In this section we choose the boundary condition so that the corrections δρχ, δpχ and vχ are
induced on the brane. Then we investigate the effects of the corrections on the evolution of
the perturbations.
6.1 Evolution at super-horizon scales
Let us consider the long wave-length perturbations with kle−α0 → 0. The corrections to the
matter perturbations given by E(1)(m,k) vanish. At the super-horizon scales kα˙−10 e
−α0 ≪ 1,
the density perturbation and the pressure perturbation are obtained from (3.11) and (4.6) as
− κ
2α1
2
δρ = −3(α˙0Ψ˙0 + α˙20Φ0) +
κ2
2l
Ce−4α0 ,
−κ
2α1
2
δp = Ψ¨0 +
(
3α˙0 − α˙0α¨0
α21
)
Ψ˙0 + α˙0Φ˙0 +
(
2α¨0 − α˙
2
0α¨0
α21
+ 3α˙20
)
Φ0
+
κ2
2l
Ce−4α0
1
3
(
1 +
α¨0
α21
)
, (6.1)
where χ = C = const. from (3.8). Then using the Bardeen parameter (5.3), δp− c2sδρ = 0 can
be written as
ζ˙ =
κ2
2l
Ce−4α0
α˙0
α¨0
(
1
3
(
1 +
α¨0
α21
)
− c2s
)
. (6.2)
We see the term proportional to C breaks the constancy of the Bardeen parameter. The results
can be understood as follows. The density perturbation δρχ induce isocurvature perturbations
on the brane. In 4D theory, it is well known that the isocurvature perturbations break the
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constancy of the Bardeen parameter. In fact, if we consider the perturbations in radiation
dominated era at low energies
c2s =
1
3
, α1 ≫ α˙0, (6.3)
then ζ˙ = 0. It is reasonable since δρχ behaves as radiation (δpχ = (1/3)δρχ) at low energies, so
there are no isocurvature perturbations. The equation can be integrated using the background
equations (A.12) and (5.5). We get
ζ = ζ∗ − κ
2
2l
Ce−4α0
3α¨0
= ζ∗ − 1
3(1 + w)
1
lα1
(
ρr
ρ
)
C∗, (6.4)
where we defined
C∗ = C
e−4α0
ρr
= const. (6.5)
Using the expression of the Bardeen parameter in terms of the metric perturbations (5.3), we
can obtain the solutions of the metric perturbations.
At high energies, using
Ψ0 =
1
(α˙0l)2
Φ0 ≪ Φ0, (6.6)
we get
Φ0 = 3(1 + w)ζ∗ +
1
α˙0l
(
ρr
ρ
)
C∗, (6.7)
for w = const. Note that the contribution of C∗ is suppressed by the factor (α˙0l)
−1.
At low energies, using
Ψ0 = Φ0, (6.8)
we get
Φ0 =
3(1 + w)
5 + 3w
ζ∗ +
1
3(1 + 3w)
(
ρr
ρ
)
C∗, (6.9)
for w = const.
The CMB anisotropies caused by the ordinary Sachs-Wolfe effect at low energy matter
dominated era (5.16) is given by
∆T
T
= −ζ + 2Φ0
=
1
5
ζ∗ +
1
3
(
ρr
ρ
)
C∗. (6.10)
From the observations, ∆T/T ∼ 10−5 and at the decoupling ρr/ρ ∼ 0.1. Then the constraint
on C∗ is obtained as [29]
C∗ < 10
−4. (6.11)
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6.2 Evolution at sub-horizon scales
Now consider the evolution of the perturbations at the sub-horizon scales kα˙−10 e
−α0 ≫ 1.
For simplicity, we assume the universe is at low energies. We also assume the scale of the
perturbations is larger than l (kle−α0 ≪ 1). Then the corrections given by E(1)(m,k) can be
neglected. In order to describe the evolution of the density perturbation, it is convenient to
introduce the gauge invariant variable defined by
ρ∆ = δρ+ 3α˙0(ρ+ p)e
α0v. (6.12)
From (4.6) and (3.11) the Poisson equation is given by
k
2Φ0 = −3
2
α′20 ∆+ e
−2α0
κ2
2l
(χ− 3α′0k−2χ′). (6.13)
The conservations of the matter (3.4) and (3.5) become
∆′ − 3wα′0∆ = −(1 + w)k2v +
3κ2
2l
(1 + w)e−2α0k−2χ′,
v′ + α′0v = Φ0 +
c2s
1 + w
∆, (6.14)
where we used (5.5). Then the evolution equation for ∆ can be obtained as
∆′′ −
(
3(2w − c2s)− 1
)
α′0∆
′ + 3
(
3
2
w2 − 4w − 1
2
+ 3c2s
)
α′20 ∆+ c
2
sk
2∆ = −κ
2
l
(1 + w)e−2α0χ.
(6.15)
The initial condition of ∆ can be set in the radiation dominated era. In the radiation dominated
era, w = c2s = 1/3 and e
α0 = η, (6.15) becomes
∆′′ − 2
η2
∆+
1
3
k
2∆ = −4κ
2
3l
1
η2
χ. (6.16)
Then we can easily find the solution as
∆ = AUG(η) +BUD(η) +
2κ2
3l
χ, (6.17)
where
UG = − cos (ksη) +
(
1
ksη
)
sin (ksη) ,
UD = − sin (ksη)−
(
1
ksη
)
cos (ksη) , (6.18)
and A and B are the constants of the integration and ks = k/
√
3. Note that for kη → 0,
UG and UD behave as UG = k
2η2/9 and UD ∝ η−1. Then UG matches to the growing mode
solution at the super-horizon scales. From (6.13), The metric perturbation is given by
Φ0 = − 1
k
2η2
(
3
2
(AUG +BUD) +
κ2
2l
(χ+
3
η
k
−2χ′)
)
. (6.19)
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From (4.14), the solution for χ is given by
χ = C cos (ksη) +D sin (kSη) , (6.20)
where D is the arbitrary constant. Then Φ0 becomes
Φ0 = − 1
k
2η2
((
3
2
A− κ
2
2l
C
)
UG +
(
3
2
B − κ
2
2l
D
)
UD
)
. (6.21)
We take only the growing mode solution, then B = D = 0. In the radiation dominated era at
low energies,
α′20 e
−2α0 =
κ2
3l
ρr, (6.22)
and eα0 = η. Then (6.5) becomes
C∗ =
κ2
3l
C. (6.23)
At super-horizon scales, using UG = k
2η2/9, we get
Φ0 = −A
6
+
1
6
C∗. (6.24)
Comparing the solution with (6.9), we should take A = −4ζ∗. Thus, we can set the initial
condition of ∆ at radiation dominated era as
∆ = −4ζ∗UG + 2C∗ cos(ksη). (6.25)
In the radiation dominated era, the perturbations are constant ∆ ∼ 2C∗ at super-horizon scales
and then oscillate as cosine function once they enter the horizon. Thus at sub-horizon scales,
the density perturbation behaves as the usual adiabatic perturbations in 4D theory. However,
as the matter becomes dominant, the isocurvature perturbations are generated. This is because
while the frequency of the UG changes from ks, χ always oscillates with frequency ks. Then
there is a possibility that the amplitude and the phase of the oscillations of ∆ change from
the adiabatic cosine mode. These deviations can be directly observed as the shifts of the
location and height of the peak of the acoustic oscillation in CMB spectrum. We solve (6.15)
numerically with the initial condition given by (6.25). In Fig.1 the density perturbation ∆(k)
at the time ρr/ρm = 0.1 is shown with various wave numbers k. where ρm is the density of
the matter. For C∗ = 0, ∆(k) is given by cosine function. If we include the effect of C∗ the
location and height of the peak of the oscillations change as expected. Thus if we include the
effect of the corrections δρχ, δpχ and vχ, the effects from the bulk can be observed even in the
low energy universe.
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Figure 1: ∆(k) at ρr/ρm = 0.1 with C∗ = 0, 2ζ∗, 4ζ∗, −2ζ∗, −4ζ∗ where we take ζ∗ = 1.
The horizontal coordinate is the value keff = α˙
−1
0 e
−α0k at ρr/ρm = 1. The perturbation with
keff = 1 crosses the horizon at ρr/ρm = 1. The initial conditions are set at ρr/ρm = 100.
7 Conclusion
In this paper we obtained the effective 4D Einstein equations (4.6) and (4.7) that describe
the scalar cosmological perturbations on the brane. Then we investigated the effect of the bulk
gravitational field on the evolution of the cosmological perturbations on the brane.
We first used the equations on the brane obtained from the power series expansion of the
5D Einstein equations. From the equations on the brane, we obtained the effective Einstein
equations (3.9), (3.10) and (3.11). It should be mentioned that we cannot derive the equation
that corresponds to (i 6= j) component of the 4D Einstein equations which gives the relation
between the metric perturbations Φ0 and Ψ0. Two types of the corrections are found. One is
written by the gradient of the metric perturbations. Another is independent of the metric per-
turbations (3.11) and induces the density perturbations which behave as the sound waves with
the sound velocity 1/
√
3 at low energies. At large scales, they are homogeneous perturbations
that depend only on time and decay like radiation. We identified them as the perturbations
of the dark radiation.
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Then we derived the effective Einstein equations again in another way by solving the
perturbations in the bulk and imposing the junction conditions (4.6), (4.7). We obtained
the equation which gives the relation between Φ0 and Ψ0. We identified the perturbations in
the bulk which induce the perturbations of the dark radiation. These perturbations do not
contribute to the metric perturbations but do contribute to the matter perturbations on the
brane. At low energies, they have imaginary mass 2k2 + 3m2 = 0 in the bulk and diverge at
the horizon of the AdS spacetime. The existence of them in the bulk depends on the boundary
condition of the perturbations. We should impose two boundary conditions to completely
determine the perturbations in the bulk. One is given by the equation of the state of the
matter on the brane. The other choice of the boundary condition at the horizon determines
the existence of the perturbations of the dark radiation.
If we take the boundary condition that the perturbations do not diverge at the horizon
of the AdS spacetime, the perturbations of the dark radiation do not appear. The other
corrections are suppressed by kle−α0 . Thus they correspond to the correction terms written
by the gradient of the metric perturbations. Corrections also arise in the relation between
Φ0 and Ψ0. The corrections become large at the scales smaller than the curvature scales of
the AdS spacetime (kle−α0 ≫ 1) and in the high energy universe with the energy density
larger than the tension of the brane (α˙0l ≫ 1). Particularly, at high energies α˙0l ≫ 1, the
potential perturbation Φ0 becomes dominant over the curvature perturbation Ψ0. We discuss
the evolution of the adiabatic perturbations including these corrections. The interesting point
is that at sufficiently large scales (kle−α0 → 0) the Bardeen parameter is constant even at high
energies. Then the potential perturbation Φ0 are always constant if the barotropic parameter
of the matter w is constant. At the scales below l, the correction becomes large. In order to
illustrate how these corrections modify the evolution of the density perturbations, we obtained
the effective Poisson equation in the low energy universe at the sub-horizon scales. Using
the effective Poisson equation, the evolution equation for the matter perturbations was given.
The important point is that the evolution equation becomes non-local once we incorporate the
effect of the perturbations in the bulk. This is the essential feature of the perturbations at
scales below l. We emphasized that one should be careful to use the result kle−α0 → 0 in the
high energy universe even at the super-horizon scales. This is because at high energies, the
horizon scale of the universe itself is smaller than the curvature scales l.
We should comment on our limitation in obtaining the evolution of the perturbations
using the effective Einstein equations. It is in general difficult to obtain the spectrum of
the perturbations in the bulk E(1)(m,k) by imposing the equation of state on the matter
perturbations. As a result, we should make an assumption about the contribution of the
massive perturbations. We used the assumption that the modes with mle−α0 > 1 do not
contribute to the perturbations in the bulk thus take mle−α0 → 0. At low energies e−α0 → 0,
the assumption seems to be valid. E(1)(m,k) is determined by the primordial fluctuations and
later evolutions [35], [36]. Further studies are needed to know the exact form of E(1)(m,k).
23
If we choose appropriate boundary conditions in the bulk (4.16), the perturbations of
the dark radiation arise. They induce the isocurvature perturbations in the dust dominated
universe. The key feature of them is that they can play a role even in the low energy universe
at scales larger than l where the former corrections are suppressed. We gave an evolution
equation for the density perturbation including the corrections from them. The large scale
CMB anisotropies were estimated and the constraint on the amplitude was derived. At sub-
horizon scales, they act as an extra force on the acoustic oscillations of the density perturbation.
In the matter dominated era, the location and the height of the acoustic peak are shifted due
to the extra force (see Fig.1). These shifts can be directly observed by CMB anisotropies.
Recently, many works have been done about the test of the correlation between adiabatic
and isocurvature perturbations using CMB spectrum [34]. The detailed analysis of the CMB
spectrum will reveal the existence of the dark sound waves.
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A Background equations
In this Appendix, we derive the equations used in section 2. The 5D Einstein equations are
given by
GMN =
6
l2
δMN + κ
2
√−gbrane√−g T
M
N =
6
l2
δMN + e
−βκ2TMN , (M,N = y, t, x
i). (A.1)
We take the energy momentum tensor in the 5D spacetime as
TMN =
(
− 6
κ2l
diag(0, 1, 1, 1, 1) + diag(0,−ρ, p, p, p)
)
δ(y). (A.2)
The Einstein tensor is given by
G00 = −3e−2β(α˙2 + α˙β˙ − α′′ − 2α′2 + α′β ′),
Gyy = 3e
−2β(−α¨ − 2α˙2 + α˙β˙ + α′2 + α′β ′),
G0y = −3e−2β(β ′α˙ + α′β˙ − α˙′ − α˙α′),
Gij = δ
i
je
−2β(−2α¨− 3α˙2 − β¨ + 2α′′ + 3α′2 + β ′′). (A.3)
In the (0, 0) and (i, j) components of the Einstein equations, the jump of the first derivative
of α(y, t) and β(y, t) give the δ(y) function. These should be equated with the δ(y) function
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of the matter. Then we obtain the junction conditions (2.4)
α1(t) = −1
l
− κ
2ρ(t)
6
,
β1(t) = −1
l
+
κ2ρ(t)
3
+
κ2p(t)
2
, (A.4)
where we take eβ0 = 1. The y0-th order of the (y, y) and (y, 0) components of the Einstein
equations give
− α¨0 − 2α˙20 + α21 + α1β1 =
2
l2
,
β1α˙0 − α˙1 − α˙0α1 = 0. (A.5)
Using the junction condition (A.4), we get (2.5).
Next let us derive the wave equations for β and α in the bulk. The (0, 0) and (i, j)
components of the 5D Einstein equations in the bulk can be rewritten using u = (t− y)/l and
v = (t+ y)/l as
α,uv + 3α,uα,v + e
2β = 0,
β,uv − 3α,uα,v − 1
2
e2β = 0. (A.6)
We assume the bulk is AdS spacetime, so we take CMyNy = 0 where CMNKL is the Weyl tensor.
This condition is given by
α,uv − β,uv = 0. (A.7)
Then the wave equations for α and β are given by
β,uv +
1
4
e2β = 0,
α,uv +
1
4
e2β = 0, (A.8)
which are (2.9). Instead of solving the wave equations directly, it is convenient to rewrite the
equation for α using (A.6) as
α,uv − α,uα,v = 0. (A.9)
The solution can be found easily as
eα =
1
f(u)− g(v) , (A.10)
where f(u) and g(v) are the arbitrary functions. Then β can be obtained from (A.6) as
e2β = −α,uv − 3α,uα,v
= 4
f ′(u)g′(v)
(f(u)− g(v))2 . (A.11)
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Finally, we show some background equations which are used in the calculations of the
perturbations. From the junction conditions (A.4) and equations on the brane (2.5), we can
show the following equations;
α¨0 =
κ2α1
2
(ρ+ p) = α1(β1 − α1),
α21 =
1
l2
+ α˙20,
β1
α1
= 1 +
α¨0
α21
,
α˙1 =
α˙0α¨0
α1
= α˙0(β1 − α1). (A.12)
In the calculations of the perturbations, we need α2 and β2. From the y
0-th order of (0, 0) and
(i, j) components of the Einstein equations, we can write α2 and β2 in terms of α0, α1 and β1;
α2 = α˙
2
0 − 2α21 + α1β1 +
2
l2
,
β2 = α˙
2
0 + 2α¨0 + α
2
1 − 2α1β1 +
2
l2
. (A.13)
B Derivation of the effective Einstein equation (4.6) and
(4.7)
In this Appendix we review the formalism to solve the perturbations in the bulk and impose
the junction conditions developed in [19]. Using the formalism, we obtain the effective Einstein
equations (4.6) and (4.7).
B.1 Review of the formalism
First let us review the formalism to obtain the perturbations in the bulk. We start with
the perturbed AdS spacetime in Poincare coordinate;
ds2 =
(
l
z
)2 (
dz2 − (1 + 2φ)dτ 2 + 2b,idxidτ +
(
(1− 2Ψˆ)δij + 2Eˆ,ij
)
dxidxj
)
, (B.1)
Here φ, b, Ψˆ and Eˆ is given by
h =
(
z
l
)2 ∫ d3k
(2pi)3
∫
dm h(m,k)Z2(mz)e
−iωτ eikx, (h = φ, b, Ψˆ, Eˆ), (B.2)
26
where Z2 is the combination of the Hankel function of the first kind and the second kind of
the second rank Z2(mz) = H
(1)
2 (mz) + a(m)H
(2)
2 (mz). Here we used the transverse traceless
gauge conditions
φ− 3Ψˆ +∇2Eˆ = 0,
2
dφ
dτ
+∇2b = 0,
db
dτ
+ 2Ψˆ− 2∇2Eˆ = 0. (B.3)
Thus the coefficients h(m,k) satisfy
φ(m,k) =
2k4
3m2
l2E(m,k),
b(m,k) = −4i
√
k
2 +m2 k2l2
3m2
E(m,k),
Ψˆ(m,k) = −k
2l2
3
E(m,k),
Eˆ(m,k) =
2k2 + 3m2
3m2
l2E(m,k), (B.4)
where E(m,k) is the arbitrary coefficient.
The perturbations in the metric (2.1) is obtained by the coordinate transformation
z = z(y, t) = le−α(y,t), τ = τ(y, t). (B.5)
The Jacobian of the transformation is given by
∂τ
∂y
= lα˙e−α,
∂z
∂y
= −lα′e−α,
∂τ
∂t
= lα′e−α,
∂z
∂t
= −lα˙e−α. (B.6)
Note that at late times
dT
dt
= lα1e
−α0 = −e−α0 . (B.7)
Then T = τ(0, t) = −η where η is the conformal time. After the coordinate transformation,
the resulting metric is given by
ds2 = e2β(y,t)
(
(1 + 2Nˆ)dy2 − (1 + 2Φˆ)dt2 + 2Aˆ dt dy
)
+e2α(y,t)
((
(1− 2Ψˆ)δij + 2Eˆ,ij
)
dxidxj + 2Bˆ,idx
idt+ 2Gˆ,idx
idy
)
, (B.8)
where
Φˆ = (lα′)2e−2βφ,
Bˆ = (lα′)e−αb,
Nˆ = −(lα˙)2e−2βφ,
Aˆ = −2(l2α˙α′)e−2βφ,
Gˆ = (lα˙)e−αb. (B.9)
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In the metric (B.8) the brane is not located at y = 0. This is because the matter perturbations
on the brane bend the brane. Then once we include the matter perturbations on the brane the
brane will be located at y 6= 0. The metric perturbations that we observe are those evaluated
on the brane. Then we should perform the (infinitesimal) coordinate transformation by
xM → xM + ξM , ξM = (ξy, ξt, ξ,i), (B.10)
to ensure that the brane is located at y = 0 in the new coordinate. We will take the gauge
condition G = A = 0 and B0 = 0, E0 = 0. This determines ξ
t and ξ in terms of ξy as
ξt =
∫ y
0
dy(Aˆ+ ξ˙y) + Tˆ0, Tˆ0 = e
2α0(Bˆ0 − ˙ˆE0),
ξ = −
∫ y
0
dy(Gˆ+ e2(β−α)ξy)− Eˆ0. (B.11)
Then we obtain the metric perturbations on the brane
Φ0 = Φˆ0 + β1ξ
y
0 +
˙ˆ
T 0,
Ψ0 = Ψˆ0 − α1ξy0 − α˙0Tˆ0,
N0 = Nˆ0 + ξ
y
1 + β1ξ
y
0 , (B.12)
and the first derivative of the metric perturbations
Φ1 = ξ¨
y
0 + β1ξ
y
1 + β2ξ
y
0 + Φˆ1 +
˙ˆ
A0 + β˙1Tˆ0,
Ψ1 = −α1ξy1 − α˙0ξ˙y0 − α2ξy0 + Ψˆ1 − α˙0Aˆ0 − α˙1Tˆ0,
N1 = ξ
y
2 + β1ξ
y
1 + β2ξ
y
0 + Nˆ1 + β˙1Tˆ0,
B1 = e
−2α0(−2ξ˙y0 + 2α˙0ξy0 − 2(β1 − α1)Tˆ0 − Aˆ0 + e2α0Bˆ1 − e2α0 ˙ˆG0),
E1 = Eˆ1 − e−2α0ξy0 − Gˆ0. (B.13)
Combining (B.13) with the junction conditions [19]
Ψ1 = −α1N0 + 1
6
κ2δρ,
Φ1 = β1N0 + κ
2
(
δρ
3
+
δp
2
)
,
B1 = −2(β1 − α1)e−α0v,
E1 = 0, (B.14)
we can write matter perturbations in terms of ξy0 and E(m,k);
κ2δρ = −6
(
α˙0ξ˙
y
0 + (α2 − α1β1)ξy0 − Ψˆ1 + α˙0Aˆ0 + α˙1Tˆ0 − α1Nˆ0
)
,
κ2δp = 2
(
ξ¨y0 + 2α˙0ξ˙
y
0 + (2α2 + β2 − β21 − 2α1β1)ξy0
+Φˆ1 − 2Ψˆ1 + ˙ˆA0 + 2α˙0Aˆ0 + (β˙1 + 2α˙1)Tˆ0 − (β1 + 2α1)Nˆ0
)
,
κ2(ρ+ p)eα0v = 2ξ˙y0 − 2α˙0ξy0 − e2α0Bˆ1 + 2(β1 − α1)Tˆ0 + e2α0 ˙ˆG0 + Aˆ0,
0 = −2e−2α0ξy0 + 2Eˆ1 − 2Gˆ0, (B.15)
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where Tˆ0 = e
2α0(Bˆ0 − ˙ˆE0). From the last equation in (B.15), ξy0 is written by E(m,k). Thus
the matter perturbations are written in terms of the perturbations in the bulk (B.2), (B.4).
These equations correspond to (2.11) in the background spacetime. The solutions of the
perturbations are obtained by determining E(m,k) and a(m) by imposing the equations of
state of the matter perturbations such as δp = c2sδρ and the appropriate boundary condition
in the bulk. In [19], E(m,k) is obtained for perturbations at the super-horizon scales in the
low energy universe with the constant barotropic parameter with the boundary condition that
the perturbations are out-going at the horizon of the AdS spacetime. In general, however, it
is rather difficult to obtain the solution for E(m,k). Thus we use the method described in
section 2. We rewrite (B.15) into the effective Einstein equations. To do so, we should rewrite
the right-hand side of (B.15) in terms of the metric perturbations Φ0 and Ψ0.
B.2 Derivation of the equations (4.6) and (4.7)
We rewrite the right-hand side of the equations (B.15) by the metric perturbations Φ0 and
Ψ0 to derive (4.6) and (4.7). We will write Φˆ, Bˆ, Nˆ , Aˆ and Gˆ by φ and b using (B.9). First
let us consider the density perturbation δρ. From (B.15), δρ is given by
κ2δρ = −6
(
α˙0ξ˙
y
0 − α˙20ξy0 − α˙20α1l2φ0 + α˙0α¨0eα0lb0 −
α˙0α¨0
α1
e2α0
˙ˆ
E0 − Ψˆ1
)
, (B.16)
where we used (A.13) to write α2 − α1β1 = −α˙02 and α˙1 = α˙0α¨0/α1. The strategy is to write
ξy0 by Ψ0 and Φ0. From (B.12), the metric perturbations Ψ0 and Φ0 are given by
Ψ0 = Ψˆ0 − α1ξy0 + α˙0e2α0 ˙ˆE0 − α˙0α1eα0b0,
Φ0 = α
2
1l
2φ0 +
(
1 +
α¨0
α21
)
α1ξ
y
0 − e2α0 ¨ˆE0 − 2α˙0e2α0 ˙ˆE0 + (α1α˙0 + α˙1)leα0b0 + α1eα0lb˙0,
(B.17)
where we used (A.12) to write β1 = (1 + α¨0/α
2
1)α1. From (B.17), we can show
α˙0Ψ˙0 + α˙
2
0Φ0 = −α1
(
α˙0ξ˙
y
0 − α˙20ξy0 − α˙20α1l2φ0 + α˙0α¨0eα0lb0 −
α˙0α¨0
α1
e2α0
˙ˆ
E0
)
+ α˙0
˙ˆ
Ψ0. (B.18)
Then the terms written by ξy0 in (B.16) can be rewritten by Φ0 and Ψ0. We obtain
− α1κ
2
2
δρ = −3
(
α˙0Ψ˙0 + α˙
2
0Φ0 + α1Ψˆ1 − α˙0 ˙ˆΨ0
)
. (B.19)
The remaining task is to rewrite the terms written by Ψˆ in terms of Ψ0. First, using the solution
of the perturbations (B.2) and (B.4), we rewrite Ψ0 in terms of E(m,k). From (B.15), ξ
y
0 is
given by
ξy0 = e
2α0Eˆ1 − α˙0eα0lb0. (B.20)
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Then we can rewrite Ψ0 as
Ψ0 = Ψˆ0 − α1e2α0Eˆ1 + α˙0e2α0 ˙ˆE0. (B.21)
Using the Jacobian of the transformation (B.6) and
d
dz
(z2Z2(mz)) = mz
2Z1(mz), (B.22)
we can get the following equations;
α1e
2α0Eˆ1(k) = −
∫
dmEˆ(m,k)
(
α21mle
−α0Z1(mle
−α0) + α˙0α1iωle
−α0Z2(mle
−α0)
)
e−iωT ,
α˙0e
2α0 ˙ˆE0(k) = −
∫
dmEˆ(m,k)
(
α˙0
2mle−α0Z1(mle
−α0) + α˙0α1iωle
−α0Z2(mle
−α0)
)
e−iωT .
(B.23)
Then we find
− α1e2α0Eˆ1 + α˙0e2α0 ˙ˆE0 =
∫
dmE(m,k)
(
2k2 + 3m2
3m
le−α0
)
Z1(mle
−α0)e−iωT , (B.24)
where we used (B.4) and α21 = 1/l
2 + α˙20 (A.12). Ψˆ is given by
Ψˆ(k) = e−2α0
∫
dmΨˆ(m,k)Z2(mle
−α0)e−iωT
= −
∫
dmE(m,k)
(
2k2
3m
le−α0Z1(mle
−α0)− 1
3
(kle−α0)2Z0(mle
−α0)
)
e−iωT ,(B.25)
where we used (B.4) and Z2(mz) = (2/mz)Z1(mz)−Z0(mz). Then we can write Ψ0 in terms
of E(m,k) as
Ψ0(k) =
∫
dmE(m,k)
(
mle−α0Z1(mle
−α0) +
1
3
(kle−α0)2Z0(mle
−α0)
)
e−iωT (t). (B.26)
On the other hand, the same calculations as (B.24) yields
α1Ψˆ1(k)− α˙0 ˙ˆΨ0(k) = 1
3
∫
dmE(m,k)k2mle−3α0Z1(mle
−α0)e−iωT (t). (B.27)
Then (B.19) becomes
− κ
2α1
2
δρ(k) = −3(α˙0Ψ˙0 + α˙20Φ0)− e−2α0k2Ψ0
+
1
3
e−4α0
∫
dmE(m,k)k4l2Z0(mle
−α0)e−iωT (t). (B.28)
The other quantities δp and v can be calculated in the same way. The calculations are
straightforward but lengthy. It is easier to derive δp and v using the equations on the brane
(3.3), (3.4) and (3.5). The pressure perturbations δp can be obtained from (3.3) as
−κ
2α1
2
δp(k) = Ψ¨0+4α˙0Ψ˙0+α˙0Φ˙0+2(α¨0+2α˙
2
0)Φ0+
1
3
e−2α0(2k2Ψ0−k2Φ0)−κ
2β1
6
δρ(k). (B.29)
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Substituting (B.28) into (B.29), we get δp as
− κ
2α1
2
δp(k) = Ψ¨0 +
(
3α˙0 − α˙0α¨0
α21
)
Ψ˙0 + α˙0Φ˙0 +
(
2α¨0 − α˙
2
0α¨0
α21
+ 3α˙20
)
Φ0
− 1
3
e−2α0k2Φ0 +
1
3
(
1− α¨0
α21
)
e−2α0k2Ψ0
+
1
9
(
1 +
α¨0
α21
)
e−4α0
∫
dmE(m,k)k4l2Z0(mle
−α0)e−iωT (t). (B.30)
The velocity perturbation v is also obtained from the equation on the brane (3.5)
(ρ+ p)eα0v = k−2e2α0
(
−δ˙ρ+ 3(ρ+ p)Ψ˙0 − 3α˙0(δρ+ δp)
)
. (B.31)
Substituting (B.28) and (B.30) into (B.31), we can show v is given by
− κ
2α1
2
(ρ+ p)eα0v(k) = Ψ˙0 + α˙0Φ0 +∆v, (B.32)
where ∆v is given by
∆v = −k−2e−2α0 d
dt
[
1
3
∫
dmE(m,k)k4l2Z0(mle
−α0)e−iωT (t)
]
=
1
3
e−3α0
∫
dmE(m,k)
(
α1iωk
2l3Z0(mle
−α0)− α˙0mk2l3Z1(mle−α0)
)
e−iωT (t).
(B.33)
Finally, let us rewrite the metric perturbations Φ0 in terms of E(m,k) to derive (4.7).
From (B.17) and (B.20), Φ0 is given by
Φ0 = α
2
1l
2φ0 + α1e
α0lb˙0 +
(
1 +
α¨0
α21
)
α1e
2α0Eˆ1 − 2α˙0e2α0 ˙ˆE0 − e2α0 ¨ˆE0. (B.34)
From (B.23),
(
1 +
α¨0
α21
)
α1e
2α0Eˆ1 − 2α˙0e2α0 ˙ˆE0 − e2α0 ¨ˆE0
=
∫
dmE(m,k)
(
(α1l)
2 2k
2 +m2
m
le−α0Z1(mle
−α0)− (ω2α21 +m2α˙20)l4e−2α0Z0(mle−α0)
−2(α1α˙0l2)iωml2e−2α0Z1(mle−α0)
) 2k2 + 3m2
3m2
e−iωT , (B.35)
where we used d(zZ1(mz))/dz = mzZ0(mz). In addition, we can show
α21l
2φ0 = (α1l)
2
∫
dmE(m,k)
(
4k4
3m3
le−α0Z1(mle
−α0)− 2k
4
3m2
l2e−2α0Z0(mle
−α0)
)
e−iωT ,
(B.36)
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α1e
α0 lb˙0 =
∫
dmE(m,k)
(
−(α1l)2 8ω
2
k
2
3m3
le−α0Z1(mle
−α0)
+(α1l)
24ω
2
k
2
3m2
l2e−2α0Z0(mle
−α0) + (α1α˙0l
2)
4iωk2
3m
l2e−2α0Z1(mle
−α0)
)
e−iωT ,
(B.37)
where we used Z2(mz) = (2/mz)Z1(mz)− Z0(mz). Then Φ0 can be written by E(m,k) as
Φ0(k) =
∫
dmE(m,k)
(
mle−α0Z1(mle
−α0)− 1
3
(k2 + 3m2)l2e−2α0Z0(mle
−α0)
)
e−iωT (t)
+ (α˙0l)
2
∫
dmE(m,k)
(
mle−α0Z1(mle
−α0)− (k2 + 2m2)l2e−2α0Z0(mle−α0)
)
e−iωT (t)
− 2α1α˙0l2
∫
dmE(m,k)(iωml2e−2α0)Z1(mle
−α0)e−iωT (t), (B.38)
where we used (α1l)
2 = 1 + (α˙0l)
2.
C Primordial fluctuations
The CMB anisotropies at large scales are determined by ζ∗ which should be determined by
the primordial fluctuations. We consider the inflaton φ confined to the brane with potential
V (φ) [37]. The background equations are given by
φ¨+ 3α˙0φ˙ = −dV (φ)
dφ
,
κ2α1
2
φ˙2 = α¨0. (C.1)
The perturbed energy-momentum tensor of the inflaton is given by
δρ = −φ˙2Φ0 + φ˙ ˙δφ+ V ′(φ)δφ,
δp = −φ˙2Φ0 + φ˙ ˙δφ− V ′(φ)δφ,
(ρ+ p)eα0v = φ˙δφ, (C.2)
where δφ is the fluctuations of the inflaton. It is useful to use the Mukhanov variable to
describe the evolution of the perturbations;
Q = δφ+
φ˙
α˙0
Ψ0. (C.3)
Combining the equations (C.2) and (4.6) and equation of motion for δφ
δ¨φ+ 3α˙0 ˙δφ+ e
−2α0k
2δφ+ V ′′(φ)δφ = 3φ˙Ψ˙0 + φ˙Φ˙0 − 2V ′(φ)Φ0, (C.4)
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we can obtain the evolution equation for Q. We get
Q¨ + 3α˙0Q˙+ e
−2α0k
2Q +
(
˙¨α0
α˙0
− 2 α¨0
α˙0
V ′(φ)
φ˙
− 2
(
α¨0
α˙0
)2
+ V ′′(φ)
)
Q = J, (C.5)
where
J =
φ˙0
α˙0
((
2 ˙¨α0
α¨0
− α¨0
α˙0
)
∆v +
1
3
e−2α0k2Φ0 − 1
3
(
1− α¨0
α21
)
e−2α0k2Ψ0
+
1
3
(
2
3
− 1
3
α¨0
α21
)
e−4α0
∫
dmE(m,k)k4l2Z0(mle
−α0)e−iωT (t)
)
, (C.6)
where ∆v is given by (B.33). We take the boundary condition so that δρχ = δpχ = vχ = 0.
At large scales J → 0, then we can find the solution for Q as
Q =
φ˙
α˙0
(
AQ +BQ
∫ t
dt′
α˙0
2
e3α0φ˙2
)
, (C.7)
where AQ and BQ is the constant of the integration. The amplitude of the growing mode
solution AQ is determined once Q is quantised. Denoting the power spectrum of AQ as PAQ,
we get
PAQ =
α˙0
φ˙
PQ|large scales , (C.8)
where right-hand side is the power spectrum of the quantised Q evaluated at large scales. The
important point is that Q is related to the Bardeen parameter by (C.2), (4.6) and (5.3) as
Q =
φ˙
α˙0
(
ζ − α˙0
α¨0
∆v
)
. (C.9)
Then at large scales AQ = ζ∗ and
Pζ∗ = PQ|large scales . (C.10)
The problem is how to quantise the system of (C.5). As in the evolution equation for the density
perturbations, the equation becomes non-local at scales below l (kle−α0 > 0). Particularly,
at high energies, the Hubble horizon is smaller than the curvature scale l. Thus even at the
horizon scale, the corrections are significant. One way is to construct the effective action
which gives the equation (C.5) and do path-integral quantisation as is done in [28]. Further
investigations are needed to obtain the spectrum of ζ∗.
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